We study Einstein's equations with an isotropic but inhomogeneous metric in the cosmic rest frame. The equations are solved perturbatively in the late Universe. The leading plus next-to-leading order results agree with observations without using a cosmological constant or dark matter.
Introduction
Various authors have noticed that there is a disturbing asymmetry in our description of nature: gravity is described geometrically, but all other interactions non-geometrically by quantum field theories (see e.g. [1] , remark (4.2,5)). It is possible to unify gravity with Maxwell's theory in a 5-dimensional geometric theory (Kaluza-Klein theory), but this did not lead any further. We know today that electromagnetism must be unified with weak interactions in a gauge theory in Minkowski space and not in a unified geometric theory in the sense of Einstein. Then the only way to remove the above exceptional character of gravity is to give up its geometrical interpretation.
At present there is strong support to do so from observations [2] . Taking the absence of dark matter in our Galaxy seriously, a revision of standard general relativity is demanded. As shown in a previous paper [3] the mildest possible revision which solves the dark matter problem is the conservative interpretation of general relativity as a classical field theory in Minkowski space. After 100 years of the geometric dogma it is hard to except this, furthermore there is a high price to pay. It turns out that the nice mathematical property of diffeomorphism invariance of Einstein's theory cannot be maintained as a physical principle. This must be discussed in some detail.
Mathematicians are always proud of working without coordinates. But physics is an experimental science and, therefore, coordinates are needed in order to relate quantitative observations to mathematical quantities. It must be stressed that the coordinates are defined by giving a prescription how to measure them. Then it is quite clear that an arbitrary change of coordinates is physically impossible in general. Furthermore, in classical physics the basic laws are always equations between measurable quantities. The corresponding measuring processes are fixed and cannot be changed arbitrarily. One might argue that after defining primary coordinates any new coordinates can be computed mathematically. However a corresponding physical interpretation is generally not possible without additional assumptions.
Here are some examples. The primary coordinates in astrophysics are spherical because one can only measure one distance r (apparent luminosity distance for example) and two angles ϑ and φ. Of course one then can compute Cartesian coordinates x 1 = r sin ϑ cos φ, x 2 = r sin ϑ sin φ, x 3 = r cos ϑ.
(1.1)
sume Euclidean geometry. The definition of time is another problem. The signals of atomic clocks depend on their motion and on the local gravitational field, so they are not very useful in the large. The simplest way is to reduce time to length by giving the light speed a prescribed value c = 1. When astronomers use lightyears they just do this. A severe problem arises when cosmologists use co-moving coordinates. Then detailed assumptions about the motion of observers or massive test bodies must be made. On the other hand these motions are used to define the gravitational field (the Christoffel symbols in the geodesic equations). Then the definition of comoving coordinates is logically problematic because there is no operational definition. Therefore we shall only use spherical coordinates in a fixed operationally defined system and we avoid transformation to other coordinates if there is no clear physical interpretation. The diffeomorphism invariance is not lost, but it "only" means that all basic equations are tensor equations. The preferred frame of reference for the Universe is the cosmic rest frame which is at rest with respect to the cosmic microwave background. Theorists do not like this frame because then all galaxies are in radial motion instead of being at rest in the co-moving coordinates. As a consequence the solution of Einstein's equations is much more complicated. Indeed we have found in a previous paper [4] , that the metric tensor in the cosmic rest frame has off-diagonal components
Furthermore we have noticed in [4] that there remains a dependence on the radial coordinate r in Einstein's equations. For this reason we have to allow a r-dependence in the metric functions a and b, so that the Universe is no longer homogeneous. Another reason for an inhomogeneous metric is the following. When a big bang has occurred at t = 0, r = 0 in the cosmic rest frame, then points with r > 0 remain still in silence for some time. Consequently the metric is certainly inhomogeneous for early times. In the standard description by co-moving coordinates and a homogeneous metric this fact is not visible. Although various authors have investigated cosmological inhomogeneities [5] [8], the metric (1.2) seems not to have been studied before. The other motivation for this study is the increasing direct evidence that dark matter does not exist in our Galaxy [2] . Then it is unlikely that some dark matter is hidden somewhere else in the Universe. Therefore the widely excepted ΛCDM cosmology is in difficulty. For this reason it is worthwhile to reconsider the expansion in the Universe by starting from scratch.
The paper is organized as follows. In the next section we set up Einstein's equations for the inhomogeneous metric (1.2). In section 3 we consider the homogeneous special case where the r-dependence is neglected. We show that this leads to a contradiction in the energy-momentum tensor. To avoid this contradiction we are led in Sect.4 to a perturbative treatment of the full inhomogeneous equations. The results in leading order agree with the Einstein -de Sitter universe, however interpreted in the cosmic rest frame. It is well known that this solution gives a too big matter density. In the standard ΛCDM model this is cured by introducing a cosmological constant Λ and dark matter. Instead of this we simply go to the next order in Sect. 5 . We obtain the energy-momentum tensor of the inhomogeneous universe and a new integration constant allows to fit the observed normal matter density exactly. In the last section we discuss the application of the theory to the present universe. When the reader has reached this point he perhaps shares the view of the author that the ΛCDM model is too simple to describe our Universe.
Einstein equations
We choose spherical coordinates t, r, ϑ, φ which are assumed to be dimensionless, that means the measured values have been divided by suitable units. The components of the metric tensor corresponding to the line element (1.1) are g 00 = 1, g 01 = b(t, r), g 11 = −a 2 (t, r)
and zero otherwise. The components of the inverse metric are equal to
where
is the determinant of the 2 × 2 matrix of the t, r components. The nonvanishing Christoffel symbols are given by
Here the dot means ∂/∂t and the prime ∂/∂r.
To write down Einstein's equations we have to calculate the Ricci tensor
using the Christoffel symbols (2.6-9). We obtain
This gives the following scalar curvature
(2.14)
Next we calculate the Einstein tensor:
(2.18)
We notice that the leading terms in G 01 , G 11 and G 22 agree up to some factors. This will play an important role in the following. Our aim now is to solve Einsteins equations
3 Failure of homogeneous cosmology
One might think that for large distance from the point r = 0 where the big bang has occurred the r-dependence disappears. Therefore we consider the special case of a homogeneous cosmology putting a ′ = 0 = b ′ and r → ∞. Then we get from (2.17)
and (2.19) gives essentially the same result after division by r 2 :
By (2.20) this implies a strange relation between two components of the energy-momentum tensor
In T µν we only consider ordinary matter and radiation. We first set up the radiation tensor T r µν . Since the metric (1.2) has off-diagonal elements the energy-momentum tensor of radiation in the corresponding gravitational field must have off-diagonal elements as well. Therefore we assume the mixed tensor to be of the form
and zero otherwise. The value of q follows from the basic property that T r µν = T r νµ must be symmetric: since
we get
The remaining components are
In our model of the universe the ordinary matter with proper energy density ̺ m and pressure p m is in radial motion with velocity v m . In previous attempts we have assumed that v m can be calculated by solving the geodesic equations. This was not correct for the following reason. The geodesic equation describes the motion of a test body which does not disturb the gravitational field. On the other hand the moving normal matter with density ̺ m , pressure p m and 4-velocity
strongly influences the gravitational field. So its motion is governed by hydrodynamic equations in the gravitational field following from the conservation of the energy-momentum tensor [7] T It is well known [7] that due to the Bianchi identities Einstein's equations imply the conservation of the total energy-momentum tensor
So if we can neglect radiation or explicitly guarantee
then the hydrodynamic equations are contained in Einstein's equations, therefore, they need not be imposed separately. This leads to a strategy which we will use in the following: We use Einstein's equations not only to determine a(t, r) and b(t, r) but also to find the most important part of the energy-momentum tensor. The latter is a simple task because no partial differential equation must be solved. Let us now return to the strange relation (3.3). We consider the late Universe where the matter is non-relativistic so that we put p m = 0. Then the matter tensor becomes
(3.14)
Here u 0 follows from the normalization
We obtain
We also need the covariant components
This gives
is of the order 1. Now the strange relation (3.3) becomes
where we have assumed the normal equation of state for the radiation. In the present Universe with ̺ m ≫ ̺ r this relation is clearly violated. The only way to escape the strange relation (3.3) is that the expression (3.
2) which appears also in (3.1) vanishes in leading order. This then leads to the inhomogeneous universe which is considered in the next section.
An inhomogeneous universe
Because of the very many terms in the Einstein tensor it seems to be rather hopeless to solve Einstein's equations exactly. But a perturbative treatment is possible. In the late Universe which we should understand first, a(t, r) and b(t, r) are big (≫ 1). Then we put a(t, r) = a 0 + a 1 + . . . where α is a new constant of integration. This choice of a 0 defines our inhomogeneous universe, α is the perturbative parameter in (4.1). It is interesting to note that the t 2/3 -law is the same as in the matter dominated universe in the standard FRW cosmology [6] , but we have obtained this law from the vacuum equations; furthermore this law gets modified in the next order. We shall see below that the energy-momentum tensor does not contribute to the leading order equation (4.2). From (4.4) we now find the following form of b 0 (t, r)
To determine f (r) we consider
After multiplying with D 2 /a 2 we restrict to the leading order O(α 3 ):
We have used the fact that a ′ 0 = 0 and again, as well shall see, there is no contribution from T µν . Inserting (4.7) we get a simple equation for f (r)
with the solution f (r) = Lr. Hence
is the leading order of b(t, r) (4.1) with another constant of integration L of dimension of a reciprocal length. The Einstein's equations for G 01 , G 11 and G 22 are now fulfilled in leading order. There remains G 00 to be investigated. Since G 00 = O(α 0 ) according to (2.16) here T 00 does contribute. We consider non-relativistic normal matter with p m = 0 and we neglect the energy density of radiation which is small compared to ̺ m (see next section). Then we have
(4.12)
Using the leading order results we obtain 8πGT 00 =ȧ 2 0
Substituting (4.6) we get the very simple result
that means in lowest order the inhomogeneity drops out here. This result for T 00 is the same as in the Einstein -de Sitter universe. However, our energy density T 00 contains a 4-velocity u 0 > 1 so that (4.14) differs considerably from the matter density ̺ m . It is well known that taking for t the present age T of the Universe, the matter density in the Einstein -de Sitter model comes out much too big. To remove the defect one usually introduces a cosmological constant Λ and in addition some dark matter [6] . We shall not do so but simply go to :
Next to leading order
This is also called first order correction to the leading zeroth order because it involves a 1 and b 1 in (4.1). Now we have to be careful about the contributions of T µν . To get an idea of the radiation contribution we investigate energy conservation
We cannot set up energy conservation for the matter content because we do not know the radial velocity u 1 = u 0 v m . As discussed above (3.12) this is no harm. Using the Γ's of Sect.1 we have
Now we substitute the leading order results. From (3.8) we get
Then in (5.2) the factor 1/(1 + L 2 r 2 ) cancels and we arrive at
This is the same equation as in standard FRW-cosmology [6] . With the usual equation of state p r = ̺ r /3 one has
where ̺ 0 is constant. But here a warning is necessary: The order in α and the order in time are different. For example (4.13) shows ̺ m = O(α 0 ), but from (4.14) and (4.6) we can conclude ̺ m = O(a −3 0 ), the latter being the order in time O(t −2 ). So (5.5) is the order in time not the desired order in α. But comparing it with ̺ m = O(a −3 o ), we may conclude that the radiation contribution is one order smaller than the matter contribution so that we can neglect it in first order, it contributes in second order.
We start the first order calculation with
We insert (4.1) and collect the first order contributions O(α −1 ) which still have to vanish because p m = 0 and p r is smaller than O(α −1 ):
Here we have used the expansion
and the abbreviation
Substituting the lowest order results we arrive aẗ
Next we consider
Since the leading order (square bracket) vanishes we have in first order which is of the order O(α 0 ). To solve Einstein's equation for G 11 we need T m 11 . By (3.14) this can now be calculated according to Instead of G 11 we consider (4.8) in next to leading order. Substituting the leading order expressions we finally obtain 
This together with (5.10) determines a 1 (t, r) and b 1 (t, r).
It is easy to see that the system (5.10) (5.19) has solutions with a simple t-dependence a 1 (t, r) = tg 1 (r), b 1 (t, r) = tg 2 (r). (5.19) We notice that for large t the first order wins over the zeroth order O(t 2/3 ) (4.6). Therefore we expect considerable deviations from the Einstein-de Sitter universe. But in α the first order is O(α 0 ), the second order will be O(α −1 ) and so on. According to (5.10) and (5.18) g 1 and g 2 are solutions of the equations
From (5.21) we can solve for
Substituting this into (5.22) we get the following simple equation for g 1 (r):
After integration we arrive at Finally we have to consider G 00 which in first order gives the important correction of the matter density (4.14). From the terms up to O(α −1 ) in (2.16) we find
Here we have used again a ′ 0 = 0 andä 1 = 0. This gives the first order correction to T 00 . Using the zeroth order and the first order results (5.19) the final result is equal to 8πG(T Again we notice that for large t this is more important than the Einstein-de Sitter result O(t −2 ) (4.14). We discuss these results in the next section
Discussion
We recall our results for the energy-momentum tensor of normal matter
This is of order α 0 only, therefore, the expansion of the inhomogeneous universe is mainly driven by the gravitational field in vacuum. To determine the observable quantities we divide (6.3) by (6.2)
The 4-velocity is normalized according to The factor β = L 2 r 2 + 1 in (6.7) enables us to fit any value of the matter density. Let us assume a realistic density of normal matter and a Hubble constant h = 0.7 in the usual unit [6] . Taking an age T = 14 × 10 9 years of the Universe, this corresponds to a rather small value β = 44.3 or LR = 6.6 (6.10)
where R is the distance of the Milky Way from the origin r = 0 where the big bang has taken place. To determine this distance R we must use some other observable to fix the integration constant L. This will be done in a later paper where we work out the redshift -distance relation for the inhomogeneous universe. But the small value of β seems to suggest that we live not far away from r = 0. The appearance of β in (6.7) can be traced back to the non-diagonal element b(t, r) in the metric and to the radial motion of the matter. If one uses co-moving coordinates this motion is transformed away and then the matter density is a big problem. Let us now discuss the radial velocity. Since we know ̺ m we can calculate 
